Abstract-A simple moment solution is given for low frequency el&tromagnetic scattering and radiation problems. The problem is reduced to the corresponding electrostatic and magnetostatic problems. Each static problem is solved using the Method of Moments. The surface of the perfectly conducting scatterer is modeled by a set of planar triangular patches. Pulse expansion functions and point matching testing are used to compute the charge density i n the electrostatic problem. For the magnetostatic current a set of charge-free vector expansion functions is used. The problem is formulated assuming the scatterer to be in an unbounded homogeneous region. Scatterers of varions shapes, such as the circular disc, the sphere, and the cube are studied. Special attention is paid to a conducting box with a narrow slot. The computed results are the scattered fields, the induced charge and current distributions, and the induced electric and magnetic dipole moments. These are in close agreement with whatever published data are available. problem can approximately be solved by treating the corresponding electrostatic and magnetostatic problems separately. Also, it has been established that a small scatterer [l], (or a small aperture in a perfectly conducting screen [3]) may be approximated by radiating electric and magnetic dipoles. Exact values for the dipole moments are available in the literature only for simple shapes, such as the sphere and the circular or elliptical disk (or aperture) 131-[6]. An extensive bibliography on the low frequency scattering problem is given Our work formulates the electrostatic and the magnetostatic problems separately. An approximate solution is obtained for each problem using the method of moments [7]. In the electrostatic problem an integral equation is solved for the induced charge density on the surface S of the body. induced electric dipole moment is computed from the induced charge distribution. Similarly, in the magnetostatic problem an integral equation is solved for the induced current density on S. The induced magnetic dipole moment is computed using the induced current density. To compute the scattered fields, space is divided into four regions; very close to the scatterer, the electric field is computed from the induced charge only, and the magnetic field is computed using the induced current only. At a distance large compared to d, but small compared to wavelength, the electric field is computed using the static expression for the field of the induced electric dipole, and the magnetic field is computed using the static expression for the field of the induced magnetic dipole. In both of these near-zone cases the electric and magnetic fields are decoupled. For an intermediate region, where the distance from the scatterer is comparable to wavelength, the exact dynamic expressions are used to compute the fields from both dipoles. In the far-zone region, where the distance from the scatterer is large compared to both d and the wavelength, far-field expressions are used for the dipole fields, and the fields are coupled.
induced electric dipole moment is computed from the induced charge distribution. Similarly, in the magnetostatic problem an integral equation is solved for the induced current density on S. The induced magnetic dipole moment is computed using the induced current density.
To compute the scattered fields, space is divided into four regions; very close to the scatterer, the electric field is computed from the induced charge only, and the magnetic field is computed using the induced current only. At a distance large compared to d, but small compared to wavelength, the electric field is computed using the static expression for the field of the induced electric dipole, and the magnetic field is computed using the static expression for the field of the induced magnetic dipole. In both of these near-zone cases the electric and magnetic fields are decoupled. For an intermediate region, where the distance from the scatterer is comparable to wavelength, the exact dynamic expressions are used to compute the fields from both dipoles. In the far-zone region, where the distance from the scatterer is large compared to both d and the wavelength, far-field expressions are used for the dipole fields, and the fields are coupled.
Open and closed surfaces are considered. The incident field is taken to be either a plane wave or is assumed to be produced by an oscillating electric or magnetic dipole placed near the scatterer. Special attention is paid to the case where an electric (magnetic) dipole is placed normally (tangentially) on a conducting sphere or on a face of a conducting cube.
In principle, the low frequency scattering problem can be handled by solving an electric field integral equation for the induced current on S . This is called an E-field solution. However, two static problems require, in general, less effort. Furthermore, although the E-field solutions give accurate results in the resonance region, where d is comparable to wavelength, they may begin to lose accuracy as the frequency decreases. Recently, this problem is discussed in detail [8], and a new E-field solution is given for the bodies of revolution which gives accurate results in both Rayleigh region and the resonance region.
II. GENERAL FORMULATION
In [lo, appendix A] we describe how to approximate the problem of low frequency electromagnetic scattering by the corresponding electrostatic and magnetostatic problems.
In this section we introduce the general procedure for the formulation and solution of these static problems.
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A . The Electrostatic Problem
Consider a perfectly conducting body which originally has zero net charge on its surface, and is placed in an impressed field produced by external sources. The problem consists of finding the induced charge density on the surface. This electrostatic problem has been studied extensively and the general formulation of the problem in terms of the method of moments is well-established. One approach is to first model the surface S by Nplanar triangular patches and then assume a constant charge density on each patch (pulse expansion). An integral equation for the charge density is obtained by using the conditions that the total electrostatic potential on S is a constant and that the total charge is zero. This integral equation is solved approximately by satisfying it at the centroid of each triangular patch (point matching). The details may be found in [7] , [9] , [ 101. Once the charge distribution is solved for, we obtain the induced electric dipole moment according to [ 
Here Pa denotes the induced electric dipole moment, u denotes the induced charge density, and r' is the radius vector from the origin to a source point on the surface S . Since the charge density is constant on each triangle, we have
Here u, denotes the charge density on the nth triangular patch, Tn denotes the area of the nth triangular patch, and r" is the radius vector from the origin to the centroid of the nth triangular patch.
The oscillating electric dipole which is used in computation of the scattered field is then given by
where w is the angular frequency of the incident field in the original problem.
B. The Magnetostatic Problem
The method of moment has been applied to the electrostatic problem and a numerical solution procedure is available for an arbitrarily shaped surface [9] . The magnetostatic problem has also been analyzed by various investigators [ 11, [12]-[ 181, [23] . However, we are not aware of any work which computes the current distribution induced on (and hence the scattered near field from) an arbitrarily shaped conducting scatterer illuminated by an arbitrary source. Furthermore, we are not aware of any work applying the method of moments to the magnetostatic problem. Hence in this section we describe the formulation of the magnetostatic problem in some detail.
The magnetostatic' problem can be stated as follows. Given a perfectly diamagnetic body placed in an impressed magnetic field Himp, we want to find the current distribution induced on the surface of the body such that the normal component of the total magnetic field is zero on the surface of the body and that the induced current density has zero surface divergence.
Let the total magnetic field be the sum of the impressed field and the field H(J) produced by the induced surface current J. Then we require that fi * (H'"P+H(J))=O, on S
(4)
where S denotes the surface of the body and fi is the unit (outward) normal vector to S . We also require that
where V,. denotes the surface divergence operator.
We are here assuming a perfect diamagnetic conductor. Otherwise the condition that the normal component of the magnetic field is zero does not hold on the conductor in a static field. One can interpret J in (5) as the zeroth order part of the total current density induced on an electrically small body when the latter is expressed in terms of a power series in k, where k is the wavenumber of the incident field [is], [ 10, appendix A].
Equation (4) represents an integral equation of the first kind for J and will be solved by the method of moments.
To solve (4) we approximate the surface S by triangular patches. The vertices of the triangles are called nodes, and the sides are called edges. Although we are free to use any patching scheme, we prefer to use any patching scheme, we prefer to use exactly the same patching scheme used in the electrostatic part. This allows us to use the same integrations computed in the electrostatic part to fiil the moment matrix for the magnetostatic problem.
We let 
TL5
Similar definitions hold for other triangles. where I , is the length of the common edge between two triangles attached to node L.
It is easy to show that V, * JL=O (10) so that there is no charge associated with JL. Hence by virtue of (6), we see that the necessary condition in (5) is already satisfied by this choice of expansion functions. Indeed it can be shown that [lo]
where i i L is the unit vector normal to the surface of the triangles attached to node L. The direction of BL is such that JL encircles i i L in the left-hand sense. In ( l l ) , V, denotes the surface gradient operator, and qL is a scalar function which exists on each triangle attached to node L. Q L is two at node L and decreases linearly to zero at the edges opposite to node L. If all triangles attached to node L were in the same plane, then Q L would be a pyramid of height two, centered at node L.
It can be shown from (1 1) that the Nb expansion functions Ji in (6) are linearly independent (For an open surface there will be some triangles with boundary edges. On such triangles at most one expansion function exists). An attempt to associate an expansion function with each node of a closed surface would give a linearly dependent set. If there were an expansion function JL associated with each node of a closed surface, then there would be a Q associated with each node, and the sum of q L would be two everywhere on S . Assuming that the overlapping B L combine to form a consistent unit normal vector on S , (1 1) would then imply that the sum of the J L is zero. In this case, the JL would be linearly dependent.
Substitution of (6) into (4) gives Here, Hnl{r) is the normal component of the magnetic field at the point r (on S), produced by the current expansion function J i associated with node i.
The functions { q L , L = 1,2, * -, Nb> were introduced in
(1 1). Taking the integral of the product of (12) with each of these functions, we obtain the matrix equation
where Z is N b by N b matrix whose jith element is given by where Ai is the magnetic vector potential due to Ji and iij is the unit vector normal to the surface of the triangle attached to node j . Substitution of (16) into ( 
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Since Jj(r) is a constant vector on each triangle attached to node j , (19) becomes where Jim is Jj on the mth mangle Si, attached to nodej and ti is the number of triangles attached to node j . We now approximate the integrand in (20) by its value at the centroid of the triangle S j , to obtain
Here, A,{rCjm) is the vector potential produced by Ji at the centroid rCjm of the triangle Sj,, and Tjm is the area of Si,.
Assuming that node i has ti triangles attached to it, we write Adr) as follows
The integral in (22) is proportional to the electrostatic potential where produced by a constant charge distribution over the triangular surface Si, and is already computed in the electrostatic E;=lim E'
( 3 1) problem. Its analytical evaluation is given in [9]. Hence we do not need to compute any additional integrals to fill the moment and v denom the gradient operator. We use 4' of (30) 
On Sjm, qj is a pyramid with base Sj,, and height two. Hence, With Z j j and V j given by (23) and (26) the moment equation (13) is solved to obtain the coefficients {Ci> which appear in expression (6) for J. Once J is known, the induced magnetic dipole moment M i d can be obtained as follows [ 111:
If we have N triangular surfaces and denote by J" the total current on the nth triangle, (27) becomes
Here, r" is the position vector of the centroid of the nth triangle, and T" is the area of this triangle.
The oscillating magnetic dipole K l i d used in computation of the scattered field is given by Here w is the angular frequency of the incident wave in the original problem. We do not solve any magnetostatic problem because close to an oscillating electric dipole the magnetic field vanishes in the limit k + 0. That is, Himp as defined by (32) is zero in this case. By a similar argument we solve only the magnetostatic problem if the source is an oscillating magnetic dipole Kl placed close to the scatterer. We obtain the magnetostatic problem by replacing Kl with a quasistatic magnetic dipole such that
and assuming the scatterer to be perfectly diamagnetic.
A . Plane Wave Scattering from a Small Sphere
The exact results for this problem are summarized in [lo, appendix A]. To apply the method described in the previous section, we take the following steps. 1) For convenience the sphere is assumed to be of radius 1 m and is placed at the center of a spherical coordinate system.
2) To approximate the spherical surface with triangular patches, the nodes are taken on the actual surface. Hence the triangulated sphere is inscribed inside the actual sphere. To get a partially inscribed model we simply take the nodes to be slightly outside the actual sphere, obtaining a better approximation of the actual sphere.
For an axially incident plane wave described by where p is the permeability of the medium surrounding the scatterer. This completes the formulation of the magnetostatic problem, assuming the scatterer is in an unbounded homogeneous medium. Some applications of the magnetostatic problem appear in the next section. A simple and practical application is to find the electric polarizability of a small aperture in an infinite conducting screen [20] .
III. SCATTERING FROM SMALL BODJES IN FREE SPACE
Given the incident field (E' , H i ) , we find 6' such that
Fig . 2 shows the computed current density for this case. Also shown in the figure is the exact magnetostatic current for comparison. As we noted earlier, the computed current is a constant vector on each triangular patch. Hence for 4 = 0" , as we change 8, Js varies on a given triangular patch. However for 4 = go", Jd = -J,, which is fixed on each patch. This is the reason we have steps in the curve for J4 of Fig. 2. Fig. 3 shows the computed charge density for
The exact result [21] is also shown for comparison. With an inscribed model of the surface, the computed dipole moments are less than the exact values. As we slightly increase the radius of the triangulated sphere to have a partially inscribed model, we notice that the induced charge and the current distributions do not change, but the induced dipole moments get close to the exact values. This is to be expected, since the dipole moments are proportional to the cube of the radius, whereas the current and charge densities do not depend on the radius. Table I compares the computed dipole moments with the exact values. Note that as the radius of the model surface is increased from 1.00 to 1.01 (1.02), the computed dipole moments increased by a factor of (1 . O l p (or (1.02) 3) .
Since the scattered far field is completely defined by the induced dipoles, we do not need a pattern plot. It is seen from the result we have for the induced dipole moments (the third Number of unknowns in magnetostatic problem-is 97, number of unknowns in electrostatic problem is 193. Exact area = 4 x , IE'I = 120 x (v/m). exact IMindl = 2 T , exact /Pindl = 4.18879 x 10-8.
line of Table I ) that the relative error between the exact and computed far field will be at most three percent.
B. Dipole Near a Small Sphere
We first consider a radially directed electric dipole near the sphere. Next we solve the problem of a magnetic dipole placed tangentially on the sphere. Fig. 4 shows a radially oriented oscillating electric dipole I1 on a perfectly conducting sphere. In the limit ka + 0, it is stated in [22] that the induced dipole moment is twice that of the source dipole. In fact, the first term in the exact expression for the total field is the field of 311 placed at the origin [4, eq. (6-118)]. Hence the far field can be computed by replacing the system in Fig. 4 by an electric dipole of moment 3Il placed at the origin. The moment of this dipole is independent of the radius of the sphere, as long as ka is very small.
I) Electric Dipole Near a Conducting Sphere:
To get more information about the induced dipole moment and the induced charge density, we used image theory to solve the corresponding electrostatic problem where a radially oriented static electric dipole of moment P is placed at a distance Z 1 away from the center of the sphere. Then we have r 101
P N =~P (~/ z~)~. (38)
Here Phd is the induced dipole moment. Notice from (38) that for Z 1 + a the induced dipole moment is twice that of source dipole, independent of radius a.
To compute an approximate solution for this electrostatic problem, we patch the spherical surface nonuniformly. By this we mean the density of triangular patches is increased in the region close to the source. Since the incident potential varies rapidly in this region, the induced charge density is expected to do so also. The case where the dipole is just on the sphere (2, -+ a) is treated later. For Z1 > a we have taken'
so that the incident potential is given by the location of the source dipole. The exact result of (38) is also plotted for comparison.
When the dipole is just on the sphere (i.e., as Z1 + a), the incident potential is very large and is changing rapidly over the region close to the dipole. Hence, the direct use of point matching scheme does not give good results. To overcome this difficulty due to the singularity in the incident potential, we solve an equivalent problem. Here another dipole is placed just inside the sphere, below the original source dipole. Fig. 6 shows the configuration. It is clear that the total potential produced by the original and the pseudo-image dipole will be approximately zero on a small region defined by eo on the spherical surface (Fig. 6(b) ). The total incident potential outside this small region will be twice that produced by the original source dipole, and will vary slowly. The induced charge distribution in this equivalent problem is obviously different from the original problem. The total potential at any exterior point will be the same in each case (in both problems the total charge on and in the sphere is zero, the external source P is the same, and the total potential is forced to be constant on the surface). Hence cbT= d'(P) +dW (4 1)
Here 4' denotes the total potential at an exterior point, u and ne are the charge distributions in the original and equivalent problems, respectively, +'(P) denotes the incident potential due to the electric dipole P, and 9(a) and $(ae) denote the potentials produced by the induced charges in the original and equivalent problems, respectively. The induced dipole moments are related as follows:
where Pind is the induced dipole moment in the original problem, PLd is the induced dipole in the equivalent problem and P is the source dipole in the original problem. We assumed eo to be 5 O and patched the dashed region of Fig. 6(b) by 12 triangular patches. For a = 2 m and P = 4 7 4 , the computed results are
where Vo denotes the total potential on the surface of the sphere. The exact results are given by the following:
The relative errors in the computed results are 0.56 and 7.8 percent, respectively. As pointed out earlier, the exact result for the problem shown in Fig. 4 is given in [4] . It is seen that even at a distance equal to a half-wavelength the agreement between the two results is very good. Fig. 7 (b) compares the far fields for two different radii. The radius of the sphere is taken to be 2 m or 5 m. The wavelength is fixed at 50 m, and the source dipole I1 is assumed to be on the sphere. For both radii the exact induced dipole is 2Il. Hence the far field computed by replacing the system of Fig. 4 with 311 placed at the origin will be the same whether the radius is 2 m or 5 m. This is why we have only one curve for the dipole field in Fig. 7(b) . For the exact field, the first ten terms of the eigenfunction series are summed for a = 5 m and eight terms are taken for a = 2 m. It is seen that if the diameter/wavelength ratio is more than 0.2, the dipole representation is not good, even for far-field computations.
2) Magnetic Dipole on a Small Sphere: Fig. 8(a) represents an oscillating magnetic dipole M tangentidy placed on a small conducting sphere. It is stated in [22, ch. 101 that the induced dipole moment for this problem (in the limit ka + 0) is M/2. (The problem depicted in Fig. S(a) may represent an equivalent problem for computation of the field transmitted through a short and narrow slot on the conducting sphere.) To solve the corresponding magnetostatic problem, we tried the technique described earlier, that is, we placed a pseudo-image magnetic dipole just below the original one, inside the sphere, and patched the region near the dipoles densely. If Bo is small enough, then the normal component of the total magnetic field produced by both dipoles is approxi-
mately zero on the dashed region of Fig. 8(b) . Hence the elements of the excitation vector in (26) corresponding to the nodes in this region are set to zero, and there is no contribution from the triangles in the dashed region to the elements of (26) corresponding to the nodes on the boundary of the dashed region. We failed to obtain reasonable answers even to this equivalent problem. We believe this is due to the fact that the singularity of the magnetic field of the magnetic dipole is of third order. Hence the variation of the incident field is too fast and the approximation of (24) by (25) is not valid in this case. (In the electric dipole case the singularity of the incident potential was of second order, and we could obtain reasonable results for the equivalent problem shown in Fig. Notice that the singularity of the electric field produced by a magnetic dipole is of second order. Hence we use Maxwell's equations and some vector calculus to express the excitation vector for the magnetostatic problem ( (24)) in terms of the incident electric field. From (24), we have 6(b). 1 For the dipole of Fig. 8(a) , we have where and
Substituting (45) into (44) and taking the limit k + 0, we have
Here zcjm and ycjm represent the coordinates of the centroid of the triangle Sjm, and rcjm is the distance from the dipole to this centroid. Using (48) instead of (24) for the excitation vector, we solve the magnetostatic problem shown in Fig. 8(b) . With dipole moment M = 0.4~3, a = 1 m, and Bo = 5" (Fig. 8(b) ) the computed ratio of the induced to original dipole moment is 0.4889. The exact result for this ratio is 0.5. The relative error is 2.2 percent. The number of unknowns used in this problem is 97. We also observed that the computed ratio does not depend on the radius of the sphere. Fig. 9 (a) represents a conducting circular disk lying in the xy plane. The other parts of the figure show various types of electromagnetic illumination of the disk. The disk problem has been studied extensively and a summary of the results is in [22, ch. 141. Fig. 10 shows the induced magnetostatic current density on the disk due to an incident plane wave, as shown in Fig. 9 (b).
C. The Circular Disk
The radius of the disk is taken to be 1 m, and the number of unknowns used to compute the current density is 81. The exact result is taken from [23] . It is seen that the computed result is a good step approximation to the exact one. Tables II-IV summarize the results concerning the induced dipole moments for the disk problem. The exact results are obtained using [22, eqs. (14.185), (14.187), (14.188), and (14.193) ].
D. The Small Conducting Cube
I ) Plane Wave Incidence: Fig. ll(a) represents a conducting cube of side length 0.1 X (where X is the wavelength) illuminated by a plane wave. Fig. 12(a) shows the induced current density on the right face, computed using the magnetostatic formulation. Fig. 12@ ) shows the induced current on the top face. Also shown are the results obtained using the E-field solution of [19] . Close agreement between the two results is not expected, as the maximum dimension of . the cube is 0.17 X in this case. Our result has some similarity with the result of [24] obtained using rectangular patches, but a precise comparison was not possible. Although the current distribution is not in close agreement with the two results mentioned above, the computed radar cross section does agree 
TABLE JlI
INDUCEq ELECTRIC DIPOLE MOMENT FOR THE PROBLEM OF FIG. 9(C) x. very well with published data. If E: of Fig. 1 l(a) is taken to be 120 T (v/m), then the computed induced dipoles for the cube of side length one meter are given by Pa = 0.115 X 10-78(C -rn) and Mhd = -1.57&(A -r n 2 ) . The radar cross section obtained using these dipoles as the source of the scattered field is 0.0031 A2. This result agrees with the experimental and computational results of [24] , [25] . In fact, we have observed that the radar cross section obtained using these dipoles agrees (within less than ten percent) with the published results [25] even for a side length of 0.2 A. Note that in this case the maximum dimension of the cube is as large as 0.35 X.
. 3 3 5~1
Finally we have observed that the induced dipole moments are proportional to the volume of the cube. This is expected, since the induced charge and current distributions do not depend on the size of the cube.
We have also observed that the induced dipole moments for the cube are slightly larger than the ones obtained for the sphere, provided the incident field is the same and the volumes of the sphere and the cube are equal.
2) A Magnetic Dipole on the Cube: Consider a cube with some internal sources and a small narrow slot on one face. The problem is to compute the fields transmitted through the slot. If the cube is small, then an approximate equivalent problem is shown in Fig. 1 l(b) . Here we have a magnetic dipole Kl placed tangentially on the cube at the position of the slot, and the slot is shorted. To solve the corresponding magnetostatic problem, we use the pseudo-image technique to obtain the problem depicted in Fig. ll(c) where an image dipole is placed just below the original one, inside the cube. Hence the normal (tangential) component of the total magnetic (electric) field produced by the two dipoles is zero on the face. At any other point on the cube surface the field is twice that produced by the original dipole Kl alone. Because of the singularity problem mentioned in Section III-B-2, we use (44) for the excitation vector.
The center of the cube is placed at the origin of a Cartesian coordinate system. The side length is assumed to be 1 m. The point (x = 0, y = 0, z = 0.5) defines the center of the top face. The source dipole is taken to be M = lfi(A -m2). Table V shows the computed induced dipole moment, as the position (xo, yo, zo) of the source dipole M is changed. From the table we conclude that a narrow slot at the center of a face of the cube transmits energy outside less efficiently than a slot closer to the edges of the face.
Finally we have the following observations. 1 ) As the size of the cube is changed keeping the source dipole at the same relative position, the induced dipole moment does not change. For plane wave incidence the induced dipole moments are proportional to the volume of the cube. 2) When a magnetic dipole M is placed tangentially at the center of a face of the cube, the computed induced dipole moment is 0.15 M. This is about three times smaller-than the induced magnetic dipole moment if M were placed tangentially on a sphere. To see the effect of an electric dipole P placed normally at the center of a face of the cube, we compute the dipole moment. The computed induced electric dipole moment is 0.65 P. This also is about three times smaller than the induced electric dipole moment if P were placed normally on a sphere. The top face is at z = 0.5. M is at (xo, yo, 0.5).
IV. CONCLUSION A simple moment solution for the low frequency electromagnetic scattering problem is given. The problem is approximated by two corresponding static problems, and each static problem is solved by the method of moments to obtain the induced electrostatic charge and the magnetostatic current distributions. The induced dipole moments are computed from the induced distributions. The scattered field is computed using the induced distributions or the induced dipole moments. The scatterer is assumed to be in free space, and illuminated either by an incident plane wave or by a slowly oscillating electric or magnetic dipole placed nearby.
The quantities involved in the computations (such as the moment matrix elements) are real. We believe that the present method of solving the low frequency electromagnetic scattering problem may be more efficient, in terms of computer storage and time, than an EFIE method of solution which uses the same patching scheme. Also the present method gives more accurate results as the frequency gets smaller and smaller.
The moment solution obtained has been applied to various conducting structures such as the sphere, the cube and the circular disk. The results of computations are in good agreement with available published results. It is observed that for the same incident plane wave the induced dipole moments for a cube in free space are slightly larger than the ones for a sphere, provided the volumes of the cube and the sphere are equal. When a tangential (perpendicular) magnetic (electric) dipole is placed at the center of a face of a cube in free space, the induced dipole moments are about three times less than those which would result if the dipole were placed on a sphere, irrespective of the sizes of the sphere and the cube. It is also observed that a narrow slot at the center of a face of a cube in free space transmits energy less efficiently than a slot close to an edge of the cube.
